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some propositions are containe d in Elements IX, 27-34). in all likelihood,
the theory dates back to the early Pythagoreans, who had investigated
it through the use of stones, as they did for the theory of polygonal
numbers; that is, those numbers whose units can be arranged in polyg-
onal forms (i.e., triangles, squares, pentagons, and so on). Aristotle
mentions that "...Euritus found out what was the number of the things
(for example of a man or a horse), imitating the figure of the live things
with stones, as some persons have put the numbers in forms of trian-
gles or squares" (Metaphysics 1092b10). For instance,3, 6 and 10 are tri-
angular numbers; two square numbers are 4 and9.
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Two square numbers

Figure 5. Triangular and square numbers.

Stone-manipulation techniques allowed the Pythagoreans to realize that
a square number is composed of two consecutive triangular numbers:

Figure 6.

Philolaus, a philosopher of the 5th century BC, who, as the story goes,
was the first to have broken the oral teaching methods of the
l'ythagorean brotherhood by ivriting down some of their ideas, said
"The number has two different forms, the even and the odd, and a third
composed of both, the even-odd" (Freernan 1.956:74, fragment 5).

Within the Pythagorean non-deductive, pre-Euclidean concrete
arithmetic, some propositions about even and odd numbers seem to
lrave been elaborated (e.g., Becker 7936; Lefdvre 1981). According to
Bccker, proposition 21 (like others) was proven through the use of con-
crete examples. The central idea in the proof is the property of even
ruumbers as those that can be halved, allowing for a geometrical repre-
scntation of this kind:
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oooo
Figure 7

The proof could then be displayed as follows:

Figure 8

Proposition 22 was stated by Euclid in these terms (Heath 1956: 41'3):

If as many odd numbers as we please be added together, and their
multitude be even, the whole will be even.

In this case, the proof seems to have been based on the idea that odd
numbers differ from even numbers by a unit, so that a typical geomet-
rical representation of odd numbers is as follows:
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Figure 9

The proof then could be displayed in the following form:
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Figure 10

The cultural symbolic systems and their corresponding general

epistemic structure will provide us with an understanding of all the

trouble that Euclid inflicted upon himself to prove something that
everybody already knew and that would have been easier to see with
the pebbles technique. In short, we want to understand that which
Taisbak, in a radiant expression, referred to as "Euclid's neurotic obses-
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sion", i.e., the obsession of proving things that were not disputed by
anybody anyway (Taisbak 7977:73). Grosso modo,whal we want to sug-
gest is the following: as the Eipo's activities encompassing the negotia-
tion of gifts are completely coherent within the realm of its own ideolo-
gy and mode ot' acting, so is Euclid's mode of proving.

The first point to be stressed is that Euclid's mode of proving can-
not be understood within the field of mathematics itself. This mode of
proving was transposed from other activities to mathematics. Szab6,
through a philological analysis, has shown that the key mathematical
terms required in a deductive system, like hypothesis, thesis and axiom,
were first used in the reflections about dialectics. In fact, he went fur-
ther and showed an impressive similarity between the mathematical
methods and those of the dialectics (Szab6 7977:262 ff.), which led him
to suggest that initially mathematics was but a part of dialectics as
developed by the Eleatan philosophers. As Szab6 suggests, the passage
from the empirical (pebbles- and geometric drawing-based) Greek
mathematics to the deductive mathematics was underpinned by:

1. the very distinction between "real" knowledge and "opinion"
drawn by Parmenides in his famous didactic poem and

2. the distinction between the Being and non-Being.

The two aforementioned points gave rise to an ontology and an
epistemology of a very particular nature (something that we do not nec-
essarily notice given that our own way oI thinking has many of its fun-
damental roots in the ontology and epistemology sketched in the
Parmenidian poem). Whereas, on the one hand, the distinction between
"te:,\" knowledge and "opinion" led to the refusal of sensations as pro-
ducer rrf knowledge, and, on the other, to the legitimizatiott oI "real"
knowledge as something attainable by the reason only, the emergence
of the concept of hypothesis and the indirect proof (or proof by reductio
ad absurdum) was related to the distinction between the Being and non-
Being.

The relevance of these points in the formation of Greek 6pistdme
can be better understood in reference to the following two aspects:
Firstly, the fundamental opposition between Being and non-Being
made it possible to generate a mode of knowing where the fertile prin-
ciple of a third excluded term was made available. Indeed, the Being
and non-Being opposition created a borderline in the ontological space
elaborated by the post-Parmenidean philosophers, and authorized
Reason to posit itself on only one of those sides, on the enlightened side
of the Being. It is on this side that one will find all that is thinkable. It is
impossible for any real thing to be and not to be, or even still to be
something else. But there is another important point concerning the real
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objects. They are metaphorically conceived as occupying a certain space
on the side of the Being. They cannot be indefinite; otherwise they can
fall on the dark side of the changing things, on the side of the things
which do not keep an identity with themselves, on the side of the non-
Being. A real object in the classic Greek 6pistbme is clearly delimitated.
Since any real thing is immovable and eternal, a real thing can only find
linguistic expression in the form of the verb to be. "We say that it [the
physical world] was and is and shall be," says Plato; "brtt'is' alone real-
ly belongs to it fthe eternal world]" (see Timaeus 38c2-3,37e-38a). The
necessary delimitation of objects was accomplished by clear definitions
compulsively based on the use of the verb tobe. "A number is," says
Euclid, "a multitude composed of units"; "An even number ls that
which is divisible into two equal parts" (Book Z definition 2 and 6;
Heath 7956: 277; emphasis added). Without delimitating the space of
the object (something achieved by the definition), Reason cannot take
the object in its hands. Very different was the case of the Babylonian
ontology: we do not find a definition of number or of polygonal figures
or angles. The objects are there in front of the scribe, accessible to him
through his senses. As we noticed elsewhere (Radford '1997a),

Babylonian 6pistdme was triggered by a peculiar realism where the
mathematical objects were mediated by generalizations of the survey-
ors' practical activities.

Secondly it is worth noting that the refusal of appearances-anoth-
er factor decisively underpinning the configuration of the mode of
knowing of objects in Greek thought-was a recurring theme in the
whole Greek intellectual tradition. Truly, since Homer's epic poems,
appearances were linked to deception. In the lliad, Troy was van-
quished by the Greeks through deception by hiding some Greek war-
riors in a wooden horse that the Trojans brought into their city. In the
Odyssey, Athena appeared to Ulysses in the form of a young shepherd
to tell him about Penelope, his wife, and her suitors. To take vengeance
upon them, Athena metamorphosed Ulysses into an unsightly beggar
so that he would not be recognized. From Parmenides onwards, as we
pointed out previously, Greek thought takes on a new position, sets a
clear distinction between true knowledge and opinion, and clearly
refuses to allow appearances of the sensible world to inform us about
the true knowledge. This does not mean that after Parmenides, the role
of appearances in Greek thought vanished. Certainly, this role split into
two parts: a positiae one, which found expression in the artistic domain
(masks, for instance, will continue to be used in the comedies and
tragedies of artistic festivals) and a negatiue one, consisting in the refusal
kr build true knowledge on appearances. But this negative role was, in
firct, a producer of knowledge, too. Greek scientific 6pistbme did not
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merely shy away from or ignore the sensible world: Greek scicntilic
6pistEme was certainty built as a subtle and wonderful exprcssion

against appearances.
Placed within the Eleatan-Platonic mode of knowing, Euclid could

not prove the already well-known propositions about the odd and even

nu^b"rs in the visual explanatory way that the early Pythagoreans did.
As we just saw, after Parmenides, visualization fell into disgrace in sci-

entific discourse. Explanation or justification, as we suggested in a pre-
vious work (Radford 7996a), is a social affair and not a "natural" pre-

given event (for if it were pre-given, the Nietzchean question would be

by whom?). Certainly, the anti-visualist category of explanation used by
Euclid accords itself dialectically with the "Being/non-Being" structure
of the ontological space. It is here, in this ontological structure, that we

find the possibility of legitimization of the deductive proof. As Aristotle
says in Posterior Analytics, "we think that we know when we know the

causes". That which causes a proposition to be true can come from two
sources only: either a proposition is true because it is inferred from the

postulates (in which case the truth descends, as water in an aqueduct,

irom the pure source, carried by the secure canals of Reason), or a
proposition is true owing to the fact that its negation leads us to the side

bf the non-geing, by concluding that something is and is not. In the lat-

ter case, a chain of deductive reasoning aiming to prove "p" and assum-

ing momentarily "non-P", is not carried out with the intention of
,rploiring the contradiction (in the sense of explaining that which ulti-
mately causes the contradiction) but to ensure that we have trespassed

into the territory of the non-Being. The contradiction finds its own
mode of explanation in the Eleatan-Platonic ontology. Thus the incom-

mensurability of the diagonal with the side of a square (as reported by
Aristotle) is not explained in terms of the very reason that makes incom-

mensurability possible, but because the hypothesis of commensurabili-
ty leads us to say that the side of the square is both an odd and a non-

odd (or even) number. This is the reason for which the Euclidean

answer to the question "why?" is not only very different to the

Pythagoreans' but to the one that we can expect from a child in a mod-
ern school too.

To sum up, given the context of the previous discussion, Euclid's
"neurotic obsession" may be understood. Euclid's use of symbols as

well as his adoption of methods of proving apPears clearly framed by
the accepted mode of knowing afforded by a cultural semiotic system,

articulated, as we have seen, in two important beliefs: the distinction
between the Being and non-Being and the refusal of the sensual realm

as repository of true knowledge. The semiotic cultural system legit-

imizes some signs and their use and excludes others. Hence, pebbles or
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stones are forbidden while lines and segments are permitted (see the
prcviously quoted Euclid's proof of proposition 21). In The Republic
510.1, when talking about the mathematicians, Plato says: "You know
too that they make use of and argue about visible figures, though they
are not really thinking about them, but about the originals which they
resemble". In the same way, some methods of investigation and proof
are accepted and others are condemned. For instance, the use of
mechanical instruments (as used by Eudoxus and Architas, for exam-
ple) in the study of the two means in proportion is criticized by Plato,
while the use of compass and straightedge is allowed:

But Plato took offense and contended with them that they were
destroying and corrupting the good of geometry, so that it was slipping
away from incorporeal and intelligible things towards perceptible ones
and beyond this was using bodies requiring much wearisome manu-
facture. (Plutarch, Lives: Marcellus, xiv; quoted by Knorr 1986: 3)

6. Modes of Acting: The Symbolic Component

That some reasons for the actual shape taken by the classic Greek
epistdme may be related to the socio-economic and political arena is
beyond any doubt. Restivo (7992) has already stressed the traces left by
the distinction between manual and intellectual tasks and the corre-
sponding difference between slaves and masters in the actual form of
Greek mathematics. We can find, in this distinction, a reason for the
rejection of mechanical drawing instruments. By the same token, the
aesthetic perfection that the Greeks found in the circle and the straight
line may account for the acceptance of the compass and the straight-
edge (Parmenides, for instance, praises the sphere as a geometrical form
for its uniformity and equally balanced shape. Obviously, those ele-
ments are typical of the circle and the straight line, too). But I believe
this does not suffice. Division of labor and slavery already existed in
pre-Greek societies (since the Uruk period in Mesopotamia, for
instance). The astonishing and marvelous level reached by Greek math-
ematics cannot be attributed to an economic factor either, for the Greece
of the golden age was poorly industrialized, mainly sustained by fish-
ery and an agriculture limited by the hard conditions oi its cultivable
soil (e.g., Bolkenstein 1958). Along with all this, we need to look closer
at the relationship between activity and the cultural semiotic systems
mentioned in Figure 4. This bi-directional relationship Actiaity + CSS is
ncither a naked nor a neutral relationship. As noted in section 3, such a
rclationship plays a structuring role in the activities that the individu-
als carry out. In fact, we have more. The relationship between activity
irrrti CISS is modulated, on a more general level, by a symbolic structure
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that accounts for the modes ot' acting from where groups of activities fincl
a generic expression and become socially institutionalized, one examplc
being that of the institutionalization of activities related to planned edu-
cation and its social space-the school. Choices in terms of admittance,
curriculum (whose norms indicate what should and should not be
taught), pedagogy (which says how to teach), and so on, cannot be
understood without reference to the way in which knowledge is refract-
ed by the symbolic structure and the cultural modes of acting. To pur-
sue our example of Greek thought, let us mention the fact that the
Creeks believed that human nature was such that a bad action was
caused by a lack of knowledge. They saw in (true) knowledge a path to
counter the low aspect of human nature (e.g., passions) and to become
a good man. (They considered passions as an illness of the soul; Galen
himself wrote a treatise entitled On the cure of the passions of the soul.)Fot
them, knowledge, as well as mathematical knowledge (see Roochnik
7994) had an ethical value.

Of course, in our contemporary society, knowledge has an ethical
value, too. A11 the bases from whence modern thought arose were
embedded in the ethical idea that knowledge, and particularly scientif-
ic knowledge, will provide the whole of humanity with a better world
in which to live (Lyotard 1979). But the expression of those beliefs
belonging to the Greek CSSs encountered in Greek society is complete-
ly different from ours. Truly, in Plato's time, to a large degree, the activ-
ity of learning mathematics was seen as a propedeutic tool in the
methodological investigation to contemplate the Ideas. As an instance
of the Greek modes of acting, the students came to the sophists in order
to be instructed in such matters (for some details on the curricular and
pedagogical choices see Chapters 4 and 6 of Fowler 1987, Mueller 1991
or Pfeiffer 1968). While the first task of the sophists was then to take the
students' mind away from the business of the perishable world and to
initiate them in the only life worth living, we, in our contemporary soci-
eties, make Herculean efforts to convince students' of the utility of
mathematics in "real life"! Hence, as in our case, although with clear
differences due to the discrepancy in terms of the contents of the corre-
sponding cultural semiotic systems, the actual form of the sophists'
activities found semiotic expression in the relationship between the
general structure of the activities of the society and the beliefs belong-
ing to the CSSs.

The different semiotic expressions which a symbolic structure and
its modes of acting may afford go beyond the structure of activities
around knowledge. In general terms, any symbolic structure accounts
for the specific link between knowledge and power. Regardless that
Plato's systems of government were not actually implemented, inThe
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Republic andLaws, the wiser and more learned people were those called
to govern (something that contrasted with other cultural conceptions
based on blood affinity and succession). The distinctively Greek
appraisal of knowledge thus appears as the manifestation of the rela-
tionship of activity and cultural semiotic systems in the symbolic struc-
ture and modes of acting that they produce. Such a distinctive appraisal
of knowledge hence finds explanation when it is compared, for
instance, to the case of the Mesopotamian societies, where very few
kings were able to read and write-tasks that culturally were consid-
ered bureaucratic and that consequently were relegated to the scribes
(Radford 2001).

Education as the path to knowledge and the appropriation of
power consequently acquires a different expression depending on the
specificities of the symbolic structure-a semiotic expression that
Foucault termed Ia aolontd de udritd (the will of truth):

This will of truth, like other exclusive systems, relies on an institution-
al support: it is both strengthened and reinforced by a whole weight of
practices, like pedagogy, certainly, Iike the system of books, of editing,
of libraries, like the learned societies of the past, the laboratories of
today. But it is also reinforced, doubtless more deeply, by the manner
in which knowledge is power in society, how it is valued, distributed,
shared, and in some ways, attributed. (Foucault 1971: 19-20)

7. Synthesis

Let us now try to put together the different threads of our discussion
about culture and mind. We first discussed Vygotsky's genetic law of
cultural development as the Vygotskian answer to the general question
about the relationship between culture and society in the constitution of
the mind-a question that was investigated by some contemPoraries of
Vygotsky, like ]anet (see van der Veer and Valsiner 1988) and Baldwin.
While Baldwin considered that the relation between the individual and
the social resided in a process of bi-directional projective interpretative
reading, affording, by differentiation (e.g., through imitation and prac-
tice), the emergence of the child's self-consciousness (see Baldwin 1911:

24 ff and 124),Yygotsky, in contrast, elaborated a semiotic account in
terms of internalization through signs of the activities that individuals
carry out in the external plane. The Marxist orientation of his account
was an asset, as it went beyond behaviorist accounts, at the same time
as it demarcated limits. Indubitably, his account was underpinned by a
particular technological idea often shared by Marxist anthropology
(c.g., Bloch 1985) concerning the relationship of human beings and
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nature: human beings act together towards the mastering of naturc.
Van der Veer and Valsiner (1991.:221) have pointed out that the decisivc
lole this vision of technology played in Vygotsky's thought and his idea
of sign, led him to a psychological account that they term as "psy-
clrotechnology"-something van der Veer (7996) credits to Vygotsky's
limited use of the concept of culture.

In a critique of Vygotsky's approach, Zinchenko addressed sim-
ilar concerns. He wrote that for Vygotsky

[t]he central characteristic of the human mind was thought to be mas-
tery of the natural or biological mind through the use of auxiliary psy-
chological means. Vygotsky's fundamental error is contained in this
thesis, in which he misconstrued the Marxist conception of the histor-
ical and social determination of human mind. (Zinchenko'1984 66)

According to Zinchenko, Vygotsky failed to include the history of soci-
cty's social and economical development in the history of cultural
development (1984: 70).

Be this as it may, Voloshinov, as we saw, presented a less techno-
logical view. Like Vygotsky and Gal'perin, he, too, found the central
point in the socialization of the mind in language. Although in both
Vygotskian and Voloshinovian approaches, the sign has a central epis-
temological role, Voloshinov offers us an exotic blend of ideas from
whence consciousness emphatically emerges as the multi-voiced sign
with all its social accents, through a specific space that he called the ter-
ritory of the sign-that space where ideologies and mind encounter each
other.

Voloshinov and Vygotsky coincided in their emphasis of the impor-
tant role of activities, from which reflection about the world emerges. The
systematic study of activity, we noted, was carried out by Leontiev and his
school. This led Leontiev to tackle the difficult concept of meaning-
something that he tried to do without contradicting the'Vygotskian con-
cept of internalization. That this task was not undertaken without theo-
retical difficulties has been stressed by K. A. Abulkhanova (1973), one of
Leontiev's critics. In any case, to go further Leontiev probably could not
avoid the problem of linking actions to motives and beliefs.

Within the context of social systems of significations, we submitted
our notion of cultural semiotic systems as systems comprised of beliefs
(ontological, epistemological, esthetic, and so on), which generate pat-
terns of meaning-making through activities and sign use, as structured
according to the individuals'concrete mode of existence.

One of the characteristics of a CSS resides in the relationships that it
keeps, on the one hand, with the ideologies (and the territory of the sign
in general) and, on the other hand, with the individuals' activities.
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while the former accounts for the modes of knowing (or 6pistbmes) of
a cultural group and the actual content of ideologies, the latter accounts

for the modes of acting in which activities are embedded. All those rela-

tions may be better understood by reference to the graph shown in
Figure 11 .

Ql!@e!!!e!js-SJ,s!cm:
-Beliefs
-Patterns ot Meaning-Making
etc.

Socio-historico-econom ic di mension
Territorv ol the siqn:
-ldeology
-Mind

Figure 11

The dialectical nature of the relationships linking CSS, activity, and the

territory of the sign shown in Figure 11 leads us to the dual of the first
graph shown in Figure 12.
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The dual graph shows that rather than merely terminal points of a

dynamic process, these terminal points become, in furn, agents of the
whole process. For instance, the CSS becomes the link between the sym-
bolic structure and the modes of knowing. In developmental terms, pri-
mal and dual graphs are always alternating.

With the previous theoretical constructs, we attempted to provide
an explanation of some relevant aspects of Euclid's theory of Even and
Odd Numbers. We saw that the corresponding Euclidean mathematical
methods and objects were couched in some beliefs originating in the
Eleatan-Platonic ontolo1y, and which penetrated all sorts of cultural
activities, shaping attitudes to mathematicaf philosophical, artistic and
intellectual inquiry. Notice that those beliefs do not exhaust the sources
of Euclidean thought. Euclid's mode of thinking was also influenced by
an Aristotelian way of conceptualizingthings, which resides in the cen-
tral conviction that things (species) can be defined and arganized by cat-
egories (genders), according to certain common particular sensual char-
acters-something which Ortega y Gasset (7992) referred to as "sensu-
al communism." We saw how, with the help of the verb to be, an object
was rendered as something that is clearly delimitated in accordance
with the exigencies of the Greek 6pistdme. Lizcano (1993) has clearly
shown how the Greek mode of knowing, based on the conceptualiza-
tions of objects as delimitated things on the side of the Being, excluded
a reflection on what in one way or another could be related to negative
numbers. Let us add here that this same relation to the Being and the
resulting necessity of delimitating objects is, it seems to us, one key ele-
ment in the answer to the following question that we raise in a specific
GaCamerian sense (Radford 1997b):

Why could the Greeks of the classic era not work with unknornrn num-
bers and come up with something that might look like algebra?

(Evidently, in the previous questiory we are not presuming the so-called
"Greek Geornetric .Nlgebra" to be a numerical algebra disguised in geo-
metric robes: Radford 7996b.) The post-Vygotskian perspective adopted
here and the insertion of the theoretical construct of Cultural Semiotic
System, although evidently applied incompletely in the analysis of
Greek mathematical thought, allows us nevertheless to appreciate the
incredible step taken by Diophantus, at the end of Antiquity, encapsu-
lated in his term "undetermined" when he defined the arithmo (which
in some way played the role of our "x") itthis Arithmetikq as "a undeter-
mined quantity of units" (Radford 7996b)- Although there is some con-
clusive evidence of an earlier Greek numerical-algebraic activity prior to
Diophantus (Hoyrup 1990; Radford1996b,2007), it is with him that such
an activity became a legitimized mathematical practice. Dipohantus
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divided his Arithmetika in'hooks" which organization resembled that
of Euclid's Elements in that it contatined a set of definitions and some
porisms.

Of course, the formation of the Euclidean theory of Even and Odd
Numbers can be seen as an instance of internalization (in Vygotsky's
sense) of the Pythagorean pebbles-techniques. The example from Greek
mathematics with which we dealt here shows that the process of inter-
nalization is not-as A. N. Leontiev (1981: 57) noticed when referring to
internalization in general-merely the mimetic transferal of an external
activity to a pre-existing internal plane. Rather, our example unveiled
internalization as a complex process embedded in a cultural symbolic
structure that can only be understood with reference to its own cultur-
al semiotic system (in this case, the Euclidean one).

In general terms, what our discussion suggests is that internaliza-
tion goes beyond the strict realm of sign use, and that a theoretical
account of internalization requires a larger and richer concept of semi-
otic mediation capable of relating internalization to the symbolic struc-
ture of the society, as Leontiev's work indirectly hinted at. Our concept
of cultural semiotic system, and the primal and dual graphs which
functionally characterize it, is an attempt to approach, from a post-
Vygotskian perspective, the problem of the social formation of mind
which we mentioned in the very beginning of this paper.
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